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Notes on the 4th Moment Equation

Definitions:

Index of refraction due to electron density (high frequency limit):
2
An = A r,AN
2

Phase in terms of integrated electron density:

2
é=k j An(s)ds = k;t—re j AN(s)ds = r, AAN,,
C 2w 3

Phase correlation function:

L ©
Ry (Ap) =k? j y: {1—|—E|j R, (Ap,7)dT > kZLj R, (Ap, 2)dz
L —0

Phase structure function:
Dy, (Ap)=2] Ry (0)- Ry (Ap)]

Integrated electron density correlation function (Yeh and Liu, 1982):
o re22/4
Ay (Ap) = j Ro (8. 2)02 =375 Ay (40)

Integrated refractive index correlation function (by analogy with Yeh and Liu, 1982):

Ab‘n (Ap) = j R(Sn (Ap! Z)dz

Path integrated refractive index correlation function per unit length (Rino, 2011):

(M(P)oN(p)) = Ry (Ap) = [ Ry, (Ap, 2)dz
Phase correlation function per unit length <5¢7(p)5¢7(p’)> ;

Ry (8p) = [ Ryy(Ap,2)dz = kR, (Ap) = 12 27R 1 (Ap)

Some Useful relationships:

Ry (Ap) = A, (Ap)
Rsn (Ap) = Ay (Ap)

r224
A (Ap) = —éﬂ)z A;. (Ap)

Ry (Ap) =k LA, (Ap)
Ry (Ap) = rez/12 LA\ (Ap)
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Fourth moment equation expressed in terms of ...

the phase correlation function:
0 i 0 1
5F4 = _E@F4 _E[2R5¢ (0) - 2R5¢ (651) - 2R5¢(§2) + R5¢(§1 + 52) + R5¢(§1 _52)]F4 (1-10)

the phase structure function (Yeh and Liu, 1982, egn. 3.51):
0 i 0 1
Er4 = _I@F4 _Z[2D5¢(§1) + 2D5¢(§2) - D5¢ (égl + 52) - D5¢ (51 o 52)}r4 (1-11)

the refractive index correlation function:
0 i 0 k2
EF4 = _I 651852 I, _T[ZRJn (0)- 2R§n (51) - 2R5n (52) + R&n (51 + 52) + R&n (51 _52)]F4 (1.12)

the phase correlation function per unit length:
0 i 0
5F4 = _E@F4 _I:ZR()}Z (O) - ZRga(égl) - 2R5¢; (52) + R(;g (51 + 52) + Ra‘a(gl - gz)Jr4 (1-13)

the phase structure function per unit length (Rino, 2011):
0 i 0 1
5F4 = _E@F4 _E[ZD&‘J (651) + 2Dgg(§2) - D(;(; (51 + 52) - D,;g (51 _52)}F4 (1-14)

the refractive index correlation function per unit length:
0 i 0
5F4 = _E@F4 - k2 [2R§ﬁ (0) - 2R5ﬁ(§1) - 2R5ﬁ (52) + Rﬁﬁ(§1 + 652) + R&ﬁ(‘fl _52)]F4 (1-15)

the refractive index structure function per unit length (Rino, 2011):
0 i 0 k?
5F4 = _E@F4 _?[ZDJﬁ (681) + 2D5ﬁ(§2) - D&ﬁ (651 + éz) - D&ﬁ (651 - 52)]F4 (1-16)

the integrated refractive index correlation function:

0 i 0
5F4 = _E@F4 - k2 [2A§n (0) - 2A5n (681) - 2A5n (52) + A&n (51 + 652) + A&n (51 _éz)]r4 (1-17)
the integrated electron density correlation function (Bhattacharyya et al., 1992):

0 i 0

r,= 1—‘4 - rezlz [2A5N (0) - 2A§N (51) - 2A(5N (52) + A()‘N (51 + 52) + A()‘N (51 - 52)]F4 (1-18)
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Split Step Solution of the 4th Moment Equation:

Homogeneous slab:
0 i 0
—I,=— I,+F(&, &)
az 4 k@flafz 4 (é:l 52) 4

Initial condition (plane wave):

L(6&02,)=15
Structure step:
[,(6.6.2,) =T,(&.&.2,)exp[F (&, &)

Diffraction step:

00 o0

Lyl 20) = [ [ Tu(60 &2 exp[-ilid + x,6,)]dEdE,

—00 —00

~ . - . KK
L, (,55,2,,) =T, (x5, 2, ) €Xp {_l 1k 2 (Z,1— Zn):|

dx,dx,

[,(882,,)= I I 1:4 (%, 56, Z:)EXp[i(’flStl +K2§2)] (27)?

—00 —00

Scintillation index:
S(z)=T1,(0,0,2)/1,-1
Intensity correlation function:
C(&,2)=[T,(¢,0,2)-1]/S;(2)
Integral constraint:

J[r0.2)-1]dz =0
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