
Extreme Equatorial Scintillation

Chuck Rino

November 2026

Abstract

The statistical theory of scintillation generally refers to a hierarchy of
complex field moment equations functionally defined by refractive-index
structure functions. The moment equations characterize strong scintil-
lation. However, solutions are formally restricted to fields that can be
represented by superpositions of plane waves subtending a narrow range of
propagation angles. The multiple-phase screen (MPS) method is used ex-
tensively to generate realizations of complex scintillation. We have found
that the intensity of unconstrained MPS simulations converge to speckle-
like exponential probability density functions irrespective of the initiating
phase screen-structure. In effect, MPS simulations extend the range of the
statistical theory. We show further that phase estimates extracted from
back-propagated MPS simulations retain a partially recoverable memory
of initiating large-scale structure.

1 Introduction

The theory of propagation in an irregular transparent medium starts with the
vector wave equation for time-harmonic fields

∇2E(r) + k2E(r) = −X(r)χE(r) +∇ (∇ ·E) , (1)

where X(r)χ is a 3 × 3 complex matrix that characterizes the interaction of
the field, E, with the propagation medium. Propagation is formally defined by
introducing a rectangular coordinate system with one axis serving as a propa-
gation reference. In a uniform magnetic field χ is constant. If the divergence
term, ∇ ·E, is neglected, an eigenvector decomposition of X(r)χ can be used
to generate three coupled scalar equations of the form

∇2ψ (x, y) + k2 (I +X (x, y))ψ (x, y) = 0, (2)

where ψ (x, y) represents a component of the transformed vector wavefield. If
the medium is homogeneous, solutions to (2) are superpositions of two orthogo-
nal plane-wave characteristics modes. Generating a fully consistent solution to
(1) requires retention of the ∇ ·E term. Fortunately, at frequencies above HF
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solving (2) with
√

1 +X (x, y) interpreted as a scalar refractive index charac-
terizes the complex modulation of a circularly polarized transverse vector field
component.
Even so, pursuing general solutions to (2) following scalar-field propagation

methods requires computationally-demanding application-specific procedures.
However, any solution to (2) will support a two-dimensional Fourier decompo-
sition as a superposition of plane-wave components in the spatial domain with κ
the transverse component of a wave propagating along the direction k = [κ, κz].
The propagation angle with respect to the z axis is θ = 2πκ/k, where k = 2πf/c.
Similarly, in the absence of diffraction (∇2ψ (x, y) ∼ 0), advancing the field a
small distance forward imposes an incremental phase perturbation. This invites
a split-step approximation, which introduces a phase perturbation followed by
free propagation. The forward propagation equation (FPE) is effectively the
differential equation form of the split-step approximation.
The FPE is strictly applicable only to fields that subtend a narrow range of

propagation angles, which is the same constraint that applies to the statistical
theory of scintillation and theoretical results applicable to fields initiated by a
phase screen. When the free propagation of a field initiated by a phase screen
generates significant structure at large propagation angles, the theory breaks
down. Ramifications have been investigated by Sun et al. [1].
Extreme scintillation refers to complex fields with S4 ≥ 1. Extreme scintil-

lation with S4 > 1 is referred to as strong focusing. Structure that generates
strong focusing requires only a 10 to 15 dB local enhancement as opposed to
structure that can produce caustics. Furthermore, extreme scintillation with
an exponentially distributed intensity and propagation angles subtending the
full propagation range is not excluded from MPS simulations. Consider that
the FPE and MPS increments have the same operator form

ψ (x+ ∆x, y) = exp{D̂∆x} exp{V̂∆x}, (3)

where D̂ represents the diffraction operator and V̂ represents the phase operator.
Following Fishman [2], a corrected operator form can be written as

ψ (x+ ∆x, y) = exp{
(
D̂ + V̂

)
∆x+

1

2

[
D̂, V̂

]
∆x2 + ...} (4)

where
[
D̂, V̂

]
represents a commutation operation. Strong strong gradients in

X (x, y) cause rapid commutation variations, whereby the commutator makes a
significant contribution and cannot be neglected. Conversely, fine-scale struc-
ture in ψ (x, y), which is implied by an extended range of propagation angles,
causes D̂ to decrease the commutator contribution. It follows that MPS simu-
lations of propagation in random media can accommodate stochastic structure
over the full range of propagation angles as long as background gradients would
not otherwise contribute.
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2 Unconstrained MPS Simulations

The MPS implementation described in Section 3 of Rino et al. [3] is implemented
with an exact propagator. The angular extent of the complex field spectral
intensity can be measured directly. For reference, the incremental phase SDF
is

Φφ(κy) = Cp

{
κy

−p1 , κy≤ κ0
(κ0

p2−p1)κ
−p2
y , κy> κ0

. (5)

An MPS operation multiplies the complex field at xn by an incremental phase-
screen contribution to generate

ψn+δ(y) = ψn(y) exp{ikφ(y)}. (6)

The MPS propagation step is implemented as follows:

ψ̂n+δ(κy) =

∫
ψn+δ(y) exp{−iκyy}

dκy
2π

(7)

ψn+1(y) =

∫
ψ̂n+δ(κy)

[
exp{i

(√
1− (κy/k)

2 − 1

)
(kρF )

2}
]

× exp{iκyy}dκy/ (2π) , (8)

where k = 2πfc/c, and ρF =
√

∆x/k is the Fresnel scale. Narrow-angle
propagation constrains the contributions as κy → k. If the contributions are
negligible, the factor in square brackets reduces to exp{±i (κyρF )

2
/2}.

The defining equations, (6), (7), and (8) are written as integrations of con-
tinuous functions. It is understood that for applications each integration is
replaced by a Riemann sum over a finite range such that:

y(n∆y) = n∆y for 0 ≤ n ≤ N − 1 (9)

κy(m) = m∆κ for −N/2 ≤ m ≤ N/2− 1 (10)

∆κ = 2π/ (N∆y) (11)

with dy ∼ ∆y and dκy ∼ ∆κ. A a minimum sampling interval ∆z > 200λ
was found empirically. MPS propagation through a uniformly structured 50
km region followed by 200 km of free-propagation to an observation plane was
used to generate realizations. With veff = 152.6 mps the realizations can be
interpreted as a GNSS time series.
Phase screen realizations were generated for representative EPB structure

with p1 = 2.0 and p2 = 3.25 and PPB structure with p1 = 3.0 and p2 = 1.5.
In Rino et al. [3] turbulent strength was adjusted to produce extreme scintilla-
tion in the free-space propagation range, which is recovered perfectly with back
propagation. To explore MPS saturation, the MPS extent was increased from
30 to 50 km followed by free propagation to 250 km. Figure 1 summarizes
an EPB development with strong scintillation realized in the free-propagation
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range. The upper frame displays the PSD evolution with measured S4 over-
laid, red indicating MPS and blue indicating free-space. Spatial wave number
has been converted to a direction angle θ = 2πκy/k. In free space the PSD is
invariant, whereby the initiating phase structure determines the range of prop-
agation angles independent of evolving amplitude structure. The middle and
lower frames show, respectively, intensity and phase at the 250 km observation
range. Figure 2 shows the same simulation with CP increased by 30 dB.
Here strong focusing (S4 > 1) develops within the layer with the contributing
range of propagation angles spanning ±90◦ with speckle-like (S4 = 1) saturation
structure.
Phase-screen scintillation theory predicts constant S4 ≥ 1 limits as the Fres-

nel scale increases indefinitely Carrano and Rino [4], whereas MPS limits exhibit
a limiting exponential distribution with S4 = 1. Intensity PDFs are formally
defined by fractional moments

Mm =< Im > / < I >m . (12)

The critical moments are m = 2, 3, and 4. They define all the analytic intensity
PDF models, often combined to define skew K3 = (M3 − 3M2 + 2)/S43/2 and
kurtosis K4 = (M4 − 4M3 + 6M2 − 3)/S42, where S4 =

√
M2 − 1 . For an ex-

ponential distribution Mm = m!. Figure 3 summarizes the development of the
fractional moments for the moderate (upper frame) and extreme (lower frame)
simulations. Each moment is normalized to exponential value to demonstrate
convergence to exponentially distributed intensity scintillation with S4 = 1.
The phase-screen theoretical limits apply strictly to phase screen realizations
with a narrow range of propagation angles.
The peaks in the normalized fractional moments in the upper frame of Figure

3 are attributed to refractive changes induced by large-scale structure, which
can vary significantly from realization to realization. K4 values greater than 3
are observed. We also find that in the moderate to strong focusing regime the
α − µ distribution, which is defined by K3 and K4, provides a good fit to the
intensity PDFs. Similar behavior is observed with scintillation data. Figures 4,
5, and 6 shows the evolution of moderate and strong PPB structure. For this
particular example PPB did not generate strong focusing. We note also that
saturation is achieved with much smaller Cp values.
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Figure 1: Top frame shows evolution of moderate EPB complex feld PSD versus
radian propagation angle with S4/2 + 0.5 overlaid (0 to 1.5) red => MPS blue
=> free space. Middle and lower frames show intensity and phase versus time.

Figure 2: Evolution summary of strong EPB complex field. Same format as
Figure 1
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Figure 3: Moderate (upper frame) and strong (lower frame) evolution of frac-
tional signal moments for EPB structure.

Figure 4: Top frame shows evolution of moderate PPB complex feld PSD versus
radian propagation angle with S4/2 + 0.5 overlaid (0 to 1.5) red => MPS blue
=> free space. Middle and lower frames show intensity and phase versus time.
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Figure 5: Evolution summary of strong PPB complex field. Same format as
Figure 4

Figure 6: Moderate (upper frame) and strong (lower frame) evolution of frac-
tional signal moments for PPB structure.
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The universal strength parameter

U = CP

{
ρp1−1F for µ0 ≤ 1

ρp2−1F µp1−p20 for µ0 ≤ 1
, (13)

where µ0 = κ0ρF , is a phase screen measure of scintillation intensity. As such it
is formally restricted in both the the p1 and p2 ranges and narrow propagation
angles. However, is shows that large p1values can produce strong scintillation
at smaller CP values.

3 Back Propagation

Back propagation (BP) was used in Rino et al. [3] to validate irregularity
parameter estimation (IPE) applied to reconstructed phase following BP. BP
starts with the free-propagation hypothesis

ψBP(y) =

∫
ψ̂(κy)

[
exp{−i

(√
1− (κy/k)

2 − 1

)
(kρF )

2}
]

× exp{iκyy}dκy/ (2π) . (14)

A starting distance equal to the estimated free-space propagation distance ini-
tiates a minimization operation. For simulated data the free-space propagation
distance is known. If BP significantly reduces the intensity scintillation the ex-
tracted phase structure generally reproduces the initiating structure parameters
with small errors. Figures 7 and 8 summarize BP/IP applied to EPB obser-
vation range complex fields similar to the simulations summarized in Figures 1
and 2. Figures 9 and 10 summarize BP/IP applied to the PPB observation
range complex fields similar to the simulations summarized in Figures 3 and 4
. In all cases BP reduced the number of deep fades. For the moderate cases
there is a significant reduction in S4 consistent with earlier findings. Because
of uncorrected phase jumps there can be large absolute differences between the
initiating and recovered phase. However, a memory of the large scale structure
persists. In effect, differences is the spectral index at large scales is preserved.
However, as the structure intensity increases resolving two-component structure
is lost. EPB structure is misinterpreted as single power law with p < 2. PPB
structure is misinterpreted as single power law with p > 2. Structure parame-
ter estimates are validated by comparing the theoretical phase SDFs with the
SDFs derived from the BP recovered phase and the theoretical SDFs with the
estimated structure parameters. The BP distance that generates the minimum
intensity variance if a true minimum is found is longer than the free propagation
distance. If no minimum is found, the free propagation distance is use for BP.
In all cases IPE provides a good fit to the measure SDF. This can be seen
by comparing the green theoretical curves to the measured SDFs in the lower
frames of Figures 7, 8, 9 and 10.
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Figure 7: Upper frame shows observation range intensity (blue) and BP intensity
(red). Middle frame shows phase (blue) and BP phase(red). Lower frame shows
measured phase SDF(blue), theory (red), and IPE (green). EPB moderate.

Figure 8: Upper frame shows observation range intensity (blue) and BP intensity
(red). Middle frame shows phase (blue) and BP phase(red). Lower frame shows
measured phase SDF(blue), theory (red), and IPE (green). EPB extreme.
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Figure 9: Upper frame shows observation range intensity (blue) and BP intensity
(red). Middle frame shows phase (blue) and BP phase(red). Lower frame shows
measured phase SDF(blue), theory (red), and IPE (green). PPB moderate.

Figure 10: Upper frame shows observation range intensity (blue) and BP in-
tensity (red). Middle frame shows phase (blue) and BP phase(red). Lower
frame shows measured phase SDF(blue), theory (red), and IPE (green). PPB
extreme.
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4 Summary and Conclusions

Propagation in random media generally applies to propagation from a source
to a receiver along a straight or gently curved path to accommodate occulta-
tions. In effect, refraction of the propagation path, as predicted by ray tracing,
is excluded. Even within the constraints of a scalar propagation theory accom-
modating refraction is computationally demanding to an extreme. The problem
is coupling between the media interaction terms in the wave equation, X (x, y)
or X(r)χ, and the propagation terms, ∇2. A suffi cient condition for decoupling
is the narrow range of propagation angles constraint. However, the key finding
in this paper is that for propagation in random medium this is not a necessary
condition. This implies that if you want to explore any aspect of propagation in
a random medium, MPS simulations are more accurate than theoretical results
based on moment equations that use the parabolic approximation.
The examples used to demonstrate extreme simulations were two-dimensional

idealizations with an extended region of homogeneous propagation disturbance
followed by a prescribed free propagation distance. However, the results can be
generalized to fully three-dimensional realizations. Configurations of random
striations along parallel field lines have been explored . The simulations are
readily generalized to configurations along curved field lines. Reducing the di-
mensionality of stochastic variation greatly simplifies computation, and it may
be necessary for back propagation. In any case, guidelines from the simulations
in this paper suggest that single-power-law estimates with p1 ∼ p2 < 2 are EPB
candidates. Structure estimates with p1 − p2 > 1 remain PPB candidates,
particularly if p1 ≥ 3 indicating pronounced large scale structure.
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